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Abstract In this work we obtain integral inequalities of the Hermite-Hadamard type, using weighted integral, via (h, m)-
convex modified functions of second type. In the work we show that several results known from the literature can be derived

from ours as particular cases.

Index Terms Integral inequalities, (h,m)-convex modified functions of second type,

weighted integral

l. Introduction

The concept of convex function is a notion that is among the
most well-known functional classes in Mathematical Sciences
today. This is due to their properties, geometric characteristics,
interpretation and the variety of areas where they are used and
applied.

The essence of its definition is the relationship and com-
parison between two midpoints, that of the interval [a, b] and
that of the interval [f(a), f(b)]. Below we remember this
definition.

Definition 1. A function f : I — R is said to be convex, if
the inequality

PrE+A=7)) <)+ A -7 () D)
holds for all ,¢ € I and 7 € [0, 1].

The interest in this notion has resulted in a large number of
extensions and ramifications that make it practically impossi-
ble to follow. Interested readers can consult [1] to get a more
precise idea of this development.

One of the most important inequalities, for convex func-
tions, is the very well known Hermite—Hadamard inequality,
that is the inequality

o (0) <t [ v < MO

holds for any function ¢ convex on the interval [a, b]. This
inequality was published by Hermite ( [2]) in 1883 and, inde-
pendently, by Hadamard in 1893 ( [3]), it gives an estimation
of the mean value of a convex function. Various extensions and

generalizations can be consulted in [4]-[19] and references
therein.
In [7], the following definitions were presented:

Definition 2. Let i : [0,1] — R be a nonnegative function,
h#0and ¢ : I =10,+00) — [0,400). If inequality

P (T&+m(l = 7)) <h*(T)Y(§) +m(1—h*(7))d (¢) 3)

holds for all §,¢ € I and 7 € [0,1], where m € [0,1], s €
[-1,1]. Thena function ) is called a (h, m)-convex modified
of the first type on I.

Definition 3. Let & : [0, 1] — R nonnegative functions, h # 0
and ¢ : I = [0, +00) — [0, +00). If inequality

P (T&+m(1l = 7)) <h*(T)Y(§) +m(1—h(7))* (¢) )

holds for all £,¢ € I and 7 € [0,1], where m € [0,1], s €
[-1,1]. Thena function ) is called a (h, m)-convex modified
of the second type on I.

Remark 1. From Definitions 2 and 3, we can define
N} nla,b], where a,b € [0,+00), as the set of functions
(h, m)-convex modified, for which 1(a) > 0, characterized
by the triple (h(7),m, s). Note that if:

1) (h(7),0,0) we have the increasing functions ( [20]).

2) (7,0, s) we have the s—starshaped functions ( [20]).

3) (7,0,1) we have the starshaped functions ( [20]).

4) (7,1,1) then ¢ is a convex function on [0, +00) ( [20]).

5) (1,1,s) then % is a P-convex function on [0, +00) (
[21]).

6) (r,m, 1) then v is a m—convex function on [0, +00) (
[22]).
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7 (7,1,s) s € (0,1] then ¢ is a s—convex function on
[0, +00) ([23], [24]).

8) (7,1,s) s € [—1,1] then % is a s—convex extended
function on [0, —|—oo)

9) (r,m,s) s € (0,1] then ¢ is a (s, m)-convex extended
function on [0, +00) ( [25]).

10) (7%,1,s) with a € (0,1], then % is a (a, s)-convex
function on [0, +00) ( [26]).

11) (7%,m,1) with a € (0, 1], then ¢ is a (a, m)-convex
function on [0, +00) ( [27]).

12) (7*,m,s) witha € (0, 1], then ¢ is a s — (a, m)-convex
function on [0, +00) ( [28]).

13) (h(7),m, 1) then we have a variant of the (h, m)—convex

function on [0, +00) ( [29]).

Next we present the weighted integral operators, which will
be the basis of our work ( [7], [30], [31]).

Definition 4. Let ¢ € L ([a,b]) and let w be a continuous
and positive function, w : [0,1] — [0,4o00), with second
order derivatives integrable on I. Then the weighted fractional
integrals are defined by (right and left respectively):

J;"+¢(r) _ /a?“ W' (2 : Z) ¢(o)do, r>a

and

b
J;U,qﬁ(T):/T ’U)/I <Z:;>¢(g)d0’, r <b.

Remark 2. To have a clearer idea of the amplitude of the
Definition 4, let’s consider some particular cases of the kernel

w':

1) Putting w”(t) =
integral.

If w’(t) = t(r(a) , then we obtain the Riemann-
Liouville fractional integral right, and left can be ob-
tained similarly.

With convenient kernel choices w’” we can get the k-
Riemann-Liouville fractional integral right and left of (
[32]), the right-sided fractional integrals of a function
1 with respect to another function & on [a, b], the right
and left integral operator of [33], the right and left sided
generalized fractional integral operators of [34] and the
integral operators of [35] and [36], can also be obtained
from above Definition by imposing similar conditions
to w”.

1, we obtain the classical Riemann

2)

3)

Of course there are other known integral operators, frac-
tional or not, that can be obtained as particular cases of the
previous one, but we leave it to interested readers (see [37],
[38]).

In this work, we present new results related to the Hermite-
Hadamard Inequality, for (h, m)-convex functions modified
of second type, in the framework of Weighted Integral of
Definition 4. We will see that several well-known publications
in the literature are particular cases of those obtained by us.

Il. Main Results

As a basis for proving our main results, we need the following
equality.

Lemma 1. Let f : I C R — R be a differentiable mapping
on I° where a,b € T witha < b. If f” € L[a,b] and w has
second derivative integrable on I, then the followng equality
holds:

O (o) (/) — ')
[ by (*57) +w@ ]

() 50 (5)
[ (0 e

+/0 w(l —t)f" (bt—i—(l—t a+b>dt}

Proof. Let’s call [ = I; + I, so we have

L :/Olw(t)f” (a;rbwr (1- t)a) dt
2 (S5 - 0a) i

2 ! a-+b

[ or (e a o) a
=2 v (“3) - worr)]
- (S a0 i
- [ (e a-na)]
2 v (“3) - worr )]

) [rws (48 - wors

2

e
2 En sl u—a

_ b a A w [%] f(u)du:| .

Analogously
! a+b
I = w(l—t)f" bt+(1—t) 5 dt
0

w1 — 1)’ (bt+(1—t)“‘2”)> 5
/Olw’(l—t)f' (bt+(1—t)a;—b)dt

b—a

b—a
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2
— [w(O)f’(b) —w(1)f’ (a;—b)] and from I:
—a
1
2 2 , , a-+b 1 /(1_t)2f//<bt+(1_t)a+b)dt
_f 2 (1 - 11—
e P A CAN TR 0 )"
2 v a+b 2 ,,(a+bd 2 a+b
_ _ = — —9
+b_a/0w(1 t)f(bt+(1 t) 5 )dt] A o) T\
2 a+b 16 [
=— 0)f (b) —w()f | —— S du.
2 [eor o - wor (5] st [ s
2 \*[. / atb Addin i
_ g these two results we obtain the searched result. O
(52) [rorm-vor(%5°)
92 v a+b A new result for fractional Riemann-Liouville integrals can
R — /0 w'(1=1t)f (bt +(1-1) > dt] be obtained from Lemma 1 as follows.
2 , ,{a+b Remark 4. Putting w(t) = 'i:ai in (5) we obtain the
= — (a)
b—a {w(O)f (b) —w(D)f ( 2 )] following result:
9 \2 a+b Let f : I € R — R be a differentiable mapping on I°
+ (b — a) [w'(O)f(b) —w'(1)f < 5 ) where a,b € I with a < b. If f”/ € L]a, b], then the followng
equality holds:
2 b s b—u
Rl S ey flu)du|. _1+af a+b +a(1+a)2“_1 o f a+b
2 2 () 2 (b—a)® at 2
Adding the results obtained for I; and I, we have atb
2 rar("50))
T == [w(0) (/'(}) - ['(a)] R
b—a a+b
9 \?2 b = [/ gott ”<t+ 1—ta>dt
+(b ) {[2w%1n°<“;> st Lo T
—a |
+0b
+ 1—t““”@ﬁ+1—ta>ﬁ}
00 (0) - f(a) A
2 w a+b " a+b Theorem 1. Let f : I C [0,d) — R b a differentiable
+ b—a Jatf 2 +Jp-f 2 mapping on I°, such that f" € Lla,b], where a,b € I with
Which is the desired result 0 < a < b < oo and w has second derivative integrable on

L If|f"| is (h,m)-convex on [a, b], for some fixed m € (0, 1],
From Lemma 1 we have the following result (see Lemma 1 ¢ € [0, 1], then the following inequality holds:

of [39]). L
(b — a)2 nfo+ b

Remark 3. Putting w(t) = 22 in (5), we obtain L] S5 : w(t) | f 5

Corollary 1. Let f : I C R — R be a differentiable mapping . s

on I° where a,b € I witha < b. If f"" € Lla,b], then the +w(l =) [f7(0)] | h*(¢)dt

o o e[ fool (2)] = vl (522)]
b=ala o 2 41_hmfﬁ} ©)
:/O 2 f <2t+(1 t)a) dt -
’ /01“ Sl (RIS I L =" O () - @+ [ ()

Proof. From I; we have

/ f(a)+f(b)]

1 L0y L
/ t2 " <a;rbt+(1t)a) dt wi) 2 b b

0 w a+ w a+

S () () (1) “ita (e (057) v (057))
b-a 2a+b b—a 2 Proof. From (5) we have

+ ].6 / 2 f(u)du7 (b _ a)Q (b _ a)Q

(b=a)® Ja L) = 25 b+ Bl < ST (L RD), @)

18
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with t € [0,1] and ¢ > 1 with % + % = 1, then the following
1 inequality holds:
b
n= [ s (S50 1= ta) a
0
1 1
b _ 2 1 P q
L= [ wl-t)f" tb+(1—t)a+ dt. |L| <(b a) wP () dt w(ath
0 2 - 8 0 2
So using the (h, m)-convexity of | f”/| we have / t)dt +m | f" ( ) ’ / (1—h(t)° dt> '
1
b
L= ws (“+ t+(1—t)a> dt‘
0 2 < P(1—t)d ) ( |q hs()d

! s {a+b

S/o w(t)|f < 5 t+(1t)a> dt ath 1
(e ol (52 fonara)’} oo

< [eor(|r (450w

0
+ml|p %)) (1- h(t))s>dt. (8) with L as before.
Anal i Proof. Using Holder Inequality from /; we have
nalogously
1
| I S/O w(lt)<|f"(b)lh5(t) /1w(t) 1 (a;bt—&—(l—t)a)‘dt
0

+m

s {a+b s 1
( 5 )‘ (1= h(t)) )dt. ) - (/1 ( )dt)p (/
Substituting (8) and (9) into (7) we obtain the desired result. 0 N 1 0
U
Remark 5. With s = 1, and w(z) = 22 we have the ’
Theorem 2.2 of [40], obviously under the above assumptions ’ /
Analogously, from I,

7" <a2+bt +(1— t)a)

a \7
dt)
I (a—i—b)
1—h ) . (1)

1
/

the Remark 2.3 of above paper is also valid.

Remark 6. With w(z) = F(a) we have the following result
for Riemann-Liouville integrals:
Let f : I € R — R be a differentiable mapping on I°
where a,b € I witha < b. If f”” € L]a, b], then the followng 1
/ w(l —t)
0

equality holds:

7" <bt—|— (1- t)a;b) ‘ dt
a(l +a)201 a+b o a+b 1 s 1
((b_(z)a < +f< >+Jb—f( 9 )) g(/ wp(l—t)dt> (f”(b)|q/ h*(t)dt
0 0
1—|—a a+b q
(a) f( 2 )‘ +m ”<a2jnb>

[ e (450)] - a -1 o]

From (11) and (12) in Lemma 1 we arrive at the desired result.

O
+mA{f“ ()l

(1= h(t))sdt} . Remark 7. If s = 1 and w(t) = t? we obtain the Theorem
2.4 of [40], and we say before, the Remark 2.5 of the cited

The following result establishes a new refinement to the paper still valid.
previous Theorem.

1
(1—h(t))sdt> .12

0

(@) rao

. at1 . .
With w(z) = Tray We obtain a new result for Riemann-
Theorem 2. Let f : I C [0,d) — R b a differentiable L joyville integrals:

mapping on I1°, such that f" € L[a,b], where a, b € I with
0 < a < b < ooandw has second derivative integrable on I.  Corollary 2. Let f : I C R — R be a differentiable mapping
If | f"|? is (h,m)-convex on [a,b], for some fixed m € (0,1], on I° where a,b € I with a < b. If f” € L|a,b, then the

19
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followng equality holds: Remark 8. If s = 1 and w(¢) = t? we obtain an extension
(1 + )20 ; a + b Y atb ;)tfﬂ'lfl\izﬁtlem 2.6 of [40] and the Remark 2.7 of above paper is
(b—a)> Jat b= 2 '
1+a,(a+b Remark 9. For Riemann-Liouxllille integrals we have the
B I'(a) f 2 following result, i.e., w(t) = ?&) :
1
S (3)
81_‘(05) 0 2 a(1+a)2a—l ( f<a+b> 4 e f<a+b>)
a a+ b—
+ (1 —t)> T £ (b) } h®(t)dt (b—a) 2
1+ af <a + b> ‘
+ m/ |:toz+1 /I 7)‘ 4 (1 o t)a-‘,-l f// <a + b) H F(Oé) 2
2 <(b—a)2 1 g (a+b\|?
<7 A e
(1 - )) dt|. (2 + a) q
1

x [ tYTRs(t)dt +m

G

(1 h(t))® dt)
b)|

Theorem 3. Ler f : I C [0,d) — R b a differentiable /
mapping on I1°, such that f" € L[a,b], where a, b € I with
0 < a <b < ooandw has second derivative integrable on 1.
If1f"|% is (h,m)-convex on [a,b], for some fixed m € (0, 1], /
t €[0,1] and q > 1, then the following inequality holds: <

q 1+a,s
|L|<(b;a)2{(/01w(t)dt>l_‘l’ < u(a—2&-b> a a+bt h*(t)dt
/ Dt +m |17 () q/olw(t)(l —h(t))Sdtf’ (2m>
( w(l 1) dt) o <|fu (b)’q/ol w(l —t)h°(t)dt Theorem 4. Let f : I C [0,d) — R b a differentiable

d)
mapping on I° such that f" € Lla,b], where a, b € I with
0<a<b<oo If|f"|?is (h,m)-convex on [a,b], for some

+m 11t1+‘*(1 —h(t))sdt>é].

0

1

w(l—1t)(1 - h(t))sdt> ;}

nwfa+b 1
tm (Zm) o fixed m € (0,1] and p, ¢ > lwzth;—i—a 1, then the
(13) following inequality holds:
with L as before.
1
Proof. By mean of power mean inequality, from I; we obtain L) <( —a)? (fo wP(t)dt N 1 [ I <a + b) K
1 q

D
( W (a—;b +<1—t>a) g +q[|f”(b)q [
(/ )1 K ”(“ib)q (%)
Il O hOra) et he Soung iy we e
/Olwu—t) ”(bt+(1—t)“;b>’dt / (Hb +(1_t)“)
(177 [ v - ow reasoty?)

- 1
< (/O (1 t)dt) 7 / [ (et (- na )q i
. | /

'<\/1— ]

q q
dt) . [Ywr(l—t)ydt 1

1 w(t)h? (t)dt +m

1(1 - h(t))sdt]). (16)

0 0

In the case of I, the use of this inequality gives us

dt

(1-1) dt

+m

" (“2;6> ' /01 w(l —t)(1 - h(t))sdt) ' q
(s

P(1—t) " (th + (1 —t) L) |?
From (14) and (15) we can arrive to the desired result. O]

q

20
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q
dt

= [0 2 [ (e - a)
W) gy 4 L { I (;b) q / (e
s (%) ]q /01(1 - h(t))sdt}
01 wl=t) + é [|f" WIE /O1 h*(t)dt
2 (“2+mb> q/01<1 _ h(t))sdt].

Result we wanted to achieve.

q
dt

_|_

+

+m

O

Remark 10. With s = 1 we obtain an extension of Theorem
2.8 of [40] and, as before, the Remark 2.9 of above paper is
still valid.

Remark 11. If w(t) = 7%, we obtain the following result
valid for Riemann-Liouville fractional integrals:

e o (52) s (5)

T (a;b> ’ <05 {<a<p+11>+1>
X {2+ ;(( I (T) q+ Vi (b)|‘1> /Olhs(t)dt
e (@ (2 f sl

lll. Conclusions

In this paper, we have obtained new versions of the well-
known Hermite-Hadamard Inequality, via weighted integral.
One of the features of the generality of our results is given
use of a general weight in the integral operator used, which
does not offer us a generalization, but rather “families” of
inequalities, since the weight can lead us to classical Riemann
integrals or to fractional integrals of the Riemann-Liouville
type as we have pointed out above throughout the work. If we
add to this the notion of convexity, which encompasses many
known definitions, we have an idea of the breadth and scope
of the results obtained.
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